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MHD Generator Characteristics with Insulator Wall Losses

ReENER DEcHER*
University of Washington, Seattle, Wash.

The paper presents an analysis that delineates the important electrical effects of boundary
layers on the insulator wall of a magnetohydrodynamic generator. For specified variation
of the fluid properties associated with the boundary layer, the electrical characteristics may
be used to identify shorting through the insulator wall boundary layer in an experimental
investigation. Two numerical examples considering seeded gas MHD generators with
equilibrium and nonequilibrium ionization show that if the channel dimension in the mag-
netic field direction is 10-100 times larger than the boundary-layer thickness, insulator wall
shorting should have a negligible effect on the generator’s performance. The equations are
also generalized to investigate the effects of an insulator wall with finite scalar resistivity.

1. Imtroduction

AGNETOHYDRODYNAMIC generators designed to
achieve large conductivities by nonequilibrium ioniza~
tion have failed experimentally to produce the power levels
predicted by theory.™? Some mechanisms that could affect
the generator’s performance have been identified,® although
the list may not be complete. The present work is a eon-
tinuation of an investigation* exploring the losses introduced
by the presence of boundary layers on the insulator walls of a
nonequilibrium MHD generator. The purpose of the in-
vestigation is to gain an understanding of the boundary-layer
effects so that they may be identified in an experimental
situation. Further, it is hoped that the theory will suggest
means of minimizing detrimental effects, by specifying a
minimum generator size, for example.

The primary manifestations of the boundary layer in com-
pressible flow are the velocity defect and the temperature in-
crease near the wall. The result of the velocity defect is to
deny the boundary layer an induced electric field to balance
that arising from the current flow in the freestream. Since
the electrodes are constant potential surfaces, the transverse
electric field, E,, is the same for both freestream and boundary
layer. The induced electric field (U X B) is larger than E,
in the freestream and smaller in the boundary layer because
the flow velocity is low. The current density, being the dif-
ference between these two electric fields, circulates within the
channel and the load is consequently partially short eircuited.
A similar partial shorting by the boundary layer occurs in the
Hall direction. By reducing the Hall electric field, E., the
possibility of electron temperature elevation is seriously
affected. ‘

2. Analysis

By making certain assumptions about the state of the
plasma, one can deduce the variations of transverse and Hall
voltages with load current, when boundary-layer effects are
important. In the following we assume 1) the freestream is
uniform, 2) end effects are small, and 3) electric fields are uni-
form.

Figure 1 shows the coordinate system used, the directions
of the current and gas flows, and of the applied magnetic
field. The currents flowing in the freestream and returning
through the boundary layers are also indicated. It is as-
sumed that the effects of the turning current are small. This
assumption is well justified when the channel’s characteristic
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dimension in the z direction is much less than that in the
y direction. The boundary-layer thickness 8., is the larger
of the thermal or viscous boundary-layer thicknesses.

Let J be the transverse current density out of the generator
to the load, Ju the Hall current density out of the genera-
tor to the Hall load, and let primes denote quantities in the
boundary layer that vary with 2. u is the varying velocity in
the boundary layer.

Ohm’s law in freestream can be written

.« . _
o = {5 [B- — B, — UB))
1)
ju = 1 s [Bs = UB + BE.]
and in boundary layer it is
J'a = [o'/(1L + B'H]E: — B'(E, — uB)]
@

J'y = [o'/(L + B"™][Ey — uB + B'E,]

The electric fields E. and E, are equal to those in the free-
stream by our assumption. Note that in the special case of a
generator j, is negative and j', is positive.

The conductivities of the boundary-layer and the freestream
regions cannot be assumed known if the conductivity is
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Fig.1 Generator schematic and coordinate system.
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achieved by nonequilibrium ionization. This is the result of
the nonlinear two-temperature conduction law. A relation-
ship between these unknown conductivities must be assumed
in the solution of this problem. Once the magnitudes of the
electric fields in the plasma are obtained, the conductivities
may then be calculated if the appropriate plasma properties
are specified.

Conservation of current is required in the two directions.
In the transverse direction

dm . H/2 | _ E
[ iz + L5 e = : (32)
and in the Hall direction
o, H2 H
[ e+ [ gz = g < (3b)

Substituting Eqs. (2) into (3) and defining a quantity 9, = 1
+ 2(8n/H)(foa — 1) wheren = 1,2,3,4and

R
n=J 2 1+6’2d<5m>

_frd u 148 2

f*"fo c U 1+3'2d<5m>

We have for the voltage-current characteristic and the Hall
field

m? + 1B mns At et T T
E, 1+ g UuB 1+ My mB
11 2 ¥
B.= 128 g ¢ 8B — 8UBM,
M g ’

Here the plasma properties ¢ and 8 are the {reestream
values. The quantity 7, is unity when no boundary layers
are present (6,/H < 1) and always larger than (1 — 2§,,/H)
since the f. factors are positive. These f. factors may be
viewed as ratios of four boundary-layer thicknesses to the
larger of either the thermal or viscous boundary layers.
When these ratios are large [(8../H)f ~ 1] boundary layer
shorting effects are important. We may expect the f,’s to be
large if the conductivity in the boundary layer is much larger
than that of the freestream, since the other ratios in the f,
integrals are of order unity or less.

The voltage current characteristic and the Hall field expres-
sions in Eq. (5) are written so that both the Hall generator
and the Faraday generator may be analyzed. In the case of
the Hall generator, E, is set equal to zero if electrode drops
are neglected. We will henceforth restrict our attention to
the segmented electrode Faraday generator for which Jx = 0.
Some interesting operating points for this generator may be
obtained.

1) open circuit (o.c.) voltage

(Ey/UB)o.c. = (mma + nmsB2/(m? + 19287  (6a)

Note that 73 and 74 contain the ratio u/U and 5, and 742 do
not. Thus it follows that E,/UB < 1 at open circuit.
2) short circuit (s.c.) current

(J/0UB)sc. = —(1/m)(mna + 12683/ + 62 (6b)

This quantity is slightly less than unity by a similar argument.
3) Hall recovery

§ = E./B(E, — UB) = (1 — nk)/m(l — k)
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where & is the load factor and is defined by k¥ = E,/UB, which
becomes in the open circuit case where k& = (E,/UB),...

MmNz — 7MaN4
mlm — 149 + B2n(n: — n3)

Eo.c. = (60)

and at the short circuit condition &... = #3/m which is less
than unity.

If the quantities 7., are known, these relations yield the
over-all performance of the generator. Of course, their
calculation requires a detailed knowledge of the boundary-
layer behavior.

In order to assess the effect of the various quantities which
enter the n factors it is useful to simplify these expressions.
The first simplification we can make is to ignore variations in
the Hall parameter through the boundary layer. This as-
sumption is justifiable when the macroscopic collision cross
section of the plasma is not sensitive to changes in electron
temperature. The effect of the velocity ratio /U may be in-
vestigated by considering two limiting cases: 1) w/U = 1
which means that there exists only a temperature nonuni-
formity in the boundary layer and the region of the velocity
defect is very close to the wall. 2) /U = 0 which means that
the region of large conductivity variation is close to the wall
where the velocity is low.

Temperature Nonuniformity with u/U = 1

In this case the n factors are all identical and ean be written

n=1+¢ @
where ¥ = 2(8,/H)(f — 1). Thequantity ¢ is zero when the
conductivity is uniform, slightly negative (¢ = —26.,/H)

when the boundary layer is nonconducting, and positive
when the boundary layer is shorting. One can write the per-
formance relations for this case as follows:

J/oUB = (k — 1)1 + ¢)

®
E.JUB = Bk — 1), & = 1

The current densities in the freestream are
Jo/cUB = 0;5,/cUB =k — 1 9

We note that the net output current is greater than the free-
stream current. This is consistent with the assumption that
u/U = 1 since here the boundary layer also serves as a gen-
erator, adding to the output current. Since the Hall re-
covery is unity, which implies that nonequilibrium ionization
is possible, we note that the presence of only a temperature or
conductivity nonuniformity is not serious in degrading the
MHD generator performance. We expect also that a tem-
perature nonuniformity alone, without a velocity defect, is
difficult to realize physically. Viscous and heat conduction
effects are characterized by the same length scale since the
Prandt]l number is of order unity for gases. It appears that
the limit /U = 0 is physically more realistie.

Temperature Nonuniformity with u/U = 0

With the assumptions of the preceding section we obtain
for the 7 factors

m=m=(1+4Y)
and (10)
s = mu = 1if 26,,/H « 1
The voltage-current characteristic then becomes
J/eUB = k(1 + ¢) — 1 (11)
Hall potential
E./UB = Bk — 1/(1 + ¥)] (12a)
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Fig. 2 Electron temperature rise vs load factor for in-
sulator wall boundary-layer shorting with constant short-
ing parameter .

Hall recovery

E=1Fk—-1/0+Pl/E—-1) (12b)

Freestream currents

J=/cUB = [B/(1 + BH1Y/(1 + ¥)
Ju/oUB =k — 14 [B7/(1 + B)Y/(1 + ¥)

Note that the behavior approaches that of an ideal generator
when ¢ — 0. Choosing a pessimistic value of ¢ =~ 1 we see
that the open circuit voltage is 509 of the ideal value. At
short circuit (¢ = 0), the Hall recovery is 50%, which indi-
cates that the conductivity and hence the current density to
the load may also be seriously affected.

(13)

Generator Behavior withAu/ U=20

The generator performance may be assessed by computing
the variation of the eleciron temperature variation. The elec-
tron temperature is a direct measure of the gas conductivity
if the heavy gas temperature and gas choice are specified. The
electron temperature elevation is related to the Joule dissipa-
tion through the electron energy equation®

_]'2/0' = (ame/ma)neyc%k(Te - Ta) (14)

where radiation and heat conduction losses have been ne-
glected. Here § is the collision energy loss parameter. This
equation may be rewritten for a generator as follows:

T./T, — 1 = (2v/30)8*M*[;*/ (¢ UB)*] (142)

where the term in brackets is the nondimensional joule dis-
sipation. In comparing two flows with the same gasdynamic
conditions we may say that

T T, =1 _  G/oUB):
(Te/Tg - 1)idea.l (j/UUB)2idea1
where the terms in the numerator are those including a

particular loss. For the insulator wall boundary-layer short-
ing we have

(15)

R i o Y
@UB: ~ UB: ~ TR
B ¥ _ _¢_]
1+621+¢[z(k DAy 8

and for the ideal case, where the shorting parameter ¥ = 0,
the corresponding term may be easily computed. Forming
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the ratio of the two electron temperature parameters we have

T/T, — 1 B?

_tete T T o —
(Te/Ta - 1)ideal 1 + 62 X

14 1 14 Y
(i) - ()] o
This ratio is shown in Fig. 2 for 8 = 3 and values of the short-
ing parameter ¥ = 0.1 and 1.0. For a specified degree of
shorting the electron temperature is depressed and therefore
s0 is the conductivity, Even for ¢ = 0.1 this effect is serious
because of the exponential variation of conductivity with
temperature. We note the effect of Hall field (E.) shorting
near k£ = 0 and transverse field (E,) shorting where the load
factor approaches its open circuit value (which is less than 1).
Another measure of generator performance is the ef-
ficiency. Let us define the turbine efficiency as the ratio of
power output to the enthalpy flux change. This may be
broken into the following ratios:

power output
K enthalpy flux

power output
freestream power output

_freestream power output
A enthalpy flux

(18)

The second ratio is the polytropic efficiency of the generator
which is equal to the load factor, k, if compressibility, friction,
and heat-transfer effects are neglected.® The first ratio is

_JB

JeB + 5By
k[l — (1 + ¢)k]

QL — k) + [8/1 + )1/ + PI/A + ) — 2k]

(19)

with Eqs. (11-13) the efficiency becomes

_ Bl — (1 + k]
T kA =k + [BY0 + B/ U+ Y/ + ) — 2)
(20)

This quantity is shown in Fig. 3. We note that the curves
with shorting follow slightly below the ideal curve (¢ = 0,
7 = k) to a maximum value just short of open circuit. Except
for the impossibility of operating near open circuit, this
shorting effect seems small, but it must be remembered that
shorting implies a lower conductivity hence a longer interac-
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Fig.3 Efficiency vs load factor for insulator wall bound-
ary layer shorting with constant values of the shorting par-
ameter, Y.



JANUARY 1970

O

Fig.4 Voltage-current char- Ey/UB
acteristic for a nonequilib-
rium  generator shorted
through a boundary layer of
thickness §,, and with a gas
temperature of 2000°K. o,
= conductivity frozen at
stagnation conditions ~ 6
mhos/m.
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HELIUM + 0.3 % CESIUM
B= 14 TESLA
STATIC TEMP. = 850° K
p = 0.6 ATM.
U = 5000 M/S-

8= 107> METERS

LOG (J/5UB)
[ l

tion length and consequently larger wall losses such as friction
and heat transfer.

So far we have exploited the parameter ¥ to gain an under-
standing of the boundary-layer shorting effects. In a com-
bustion driven generator where the local static temperature
determines the conductivity in the boundary layer, ¥ may be
calculated from a knowledge of the temperature and velocity
distributions. In this case, ¥ is not expected to vary strongly
with the load condition, so that y is a constant for given flow
conditions. In the case of nonequilibrium plasmas where the
conductivity is a strong function of the local electric field, ¢
depends on the load condition and the flow conditions.

The parameter ¥, ~2(8,./H)¢’'/a, may be used to deter-
mine the generator size, H, required to make the boundary-
layer shorting negligible. For the combustion driven
generator the degree of ionization, and hence the conduc-
tivity, depends only on the static temperature if the pressure
is fixed. We may say that for small degrees of seed ioniza-
tion, the Saha equation gives (approximately)

o ~ g— /2T

and therefore

o'/o = exp(—e;/2kT' + e:/2kT)

where €; = ionization potential of the seed; k¥ = Boltzmann’s
constant; T = static temperature of the freestream; T’ =
static temperature of the boundary layer, which we may take
to be the recovery temperature or the stagnation tempera-
ture, T, of the fluid. We may then say

T'/T ~Ty/T =1+ [(v — 1)/2]M*

where M is the flow Mach number.
The preceding may be combined to yield

o'/a = exp+[e:/2kTo][(vy — 1)/2]1M*

The generator operating characteristics [Egs. (11) and (12)
and Fig. 3] dictate a maximum acceptable value of . A cor-
responding ratio 8,,/H is then specified for a given set of fluid
parameters

8n/H = ($/2) exp—(e:/2kT0) [(y — 1)/2]M*

For example, if ¢ = 0.1 in a typical combustion driven
generator” where ¢; = 4.5 ev, Ty = 3300°K, M = 1.4, and
v = 1.2, this relation yields §,./H = 0.01.

In order to investigate the voltage-current characteristics of
a nonequilibrium MHD generator with insulator wall shorting
effects, numerical methods must be employed. This is

(o] i
LOG (J) AMPS/CM?

necessary because of the algebraic complexity of the Saha
equation and the expression for the Coulomb collision cross
section.

Numerical Example

As an illustration of the resulting characteristics, a mixture
of helium and cesium is chosen as a working fluid. The Hall
parameter is again fixed and assumed to be the same in the
insulator wall boundary layer as in the freestream. This as-
sumption, although incorrect when considering coulomb
effects in the conductivity, reduces the number of 5 factors to
the important ones. Setting 8’ = @ should not seriously
affect the physical result because the variations of the condue-
tivity ratio and the velocity ratio in the » factors dominate
the variation of the Hall parameter. The effective boundary-
layer thickness is treated parametrically, using the channel
height,-H, as a fixed constant.

Inputs to the caleulation are the following: 1) thermody-
namic variables: static freestream and wall layer tempera-
tures, pressure; 2} seed fraction of cesium; 3) Hall parameter,
the product [2v/35]M?; 4) boundary-layer thickness, 6.

The electron temperatures in the freestream and in the
boundary layer (7., and Tew) can be computed from the elec-
tron energy equation (neglecting terms due to radiation and
heat conduction) if the electric fields E, and E. are known;

62
1+ 6

Tee =T, {1 + ?T:SY M* A=k + h2]] (21a)

here h = E,/UB and

_pdle L2y, B
T T’{ 7, "% T
This permits the calculation of the conductivities ¢ and ¢’
and therefore the parameter ¥. Equation (12) then gives
E./UBforagiven E,/UB.

This system of equations must be solved by iteration and
gives as a result the voltage-current characteristic and the
Hall recovery for the given conditions. These are shown in
Figs. 4-7 for a generator with the properties shown in Table 1.
This example corresponds to conditions existing in an experi-
mental investigation carried out by the author.?

The V-I characteristic is plotted as E,/UB vs log J/ayUB
where o, is the conductivity corresponding to the stagnation
conditions. Labeled “ideal” in the plots is the case 0m =
10~°m, T, = 600°K for which shorting is negligible. The
characteristics show that there are three operating points
available for some value of E,. The first point characterized

() + hzl} (21b)
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Fig. 5 Hall recovery for a mnonequilibrium generator
shorted through a boundary layer of thickness §, and with
a gas temperature of 2000°K.

by a large net output current and a large Hall recovery is a
normal operating point. The second with a smaller net out-
put current and small Hall recovery is unstable except perhaps
J = 0. A third point, with J and E. reversed, corresponds
to an accelerator mode of operation. (This point is not shown
on the V-I diagram which has a logarithmic abscissa.) We
note that this triple valued behavior is much more pre-
dominant when the wall layer is hot than when it is cold.
The figures also show that near short circuit neither the hot
wall nor the cold wall has much effect on the output current.
This is because at the high electron temperatures of that con-
dition the conductivities are relatively insensitive to changes
in the electron temperature which means that the conduc-
tivities are nearly equal and  is therefore small.
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Table 1 Summary of physical variables used in the
numerical example

Gas mixture Helium + 0.003 Cesium

Mach number M =2

Hall parameter B =4

Average wall layer temperature T, = 600, 2000°K
Stagnation temperature Ty = 2000°K
Stagnation pressure Py = 35 atm
Energy loss parameter =2

Specific heat ratio vy =5/3

Channel height H = 3.75 cm

Near open circuit, however, it does not require much joule
heating in the case of the hot wall to make the boundary layer
a very effective short. We note that the open circuit voltage
is lower than the maximum voltage in both cases.

These generator characteristics should be useful in identify-
ing shorting through the insulator wall boundary layer of a
nonequilibrium MHD generator, although the generator for
which these calculations were performed was probably not
affected by this phenomenon.?

Since §,, is the boundary-layer height with an appreciable
velocity defect, we may relate 8. to the real boundary-layer
thickness by specifying the velocity ratio at the edge of the
slow portion of the boundary layer. Taking this to be u/U
= 0.5 for a turbulent boundary layer with a L power profile
we obtain

8,/8 = (0.5)" ~0.01

We have seen from the examples that generators with 6,./H
greater than 10~%-10~* may suffer performance degradation
from shorting through the insulator wall boundary layer.
The channel height, H, should therefore be 10-100 times
larger than the boundary-layer thickness, d.

Scalar Wall Conduction Shorting

The general characteristic expressions involving 1, [Eq. (5)]
may be specialized to assess the shorting behavior of an
insulator wall with finite conductivity. The properties of the
wall are characterized by u = 0 (stationary wall) and 8 = 0
because the Hall effect is very small in materials other than
gases. The factors fs, fs, and f; become zero and hence 72, 13,
and 74 are equal to unity. The voltage-current charac-
teristics and the Hall potential may be written in terms of a
new shorting parameter & = 2¢./0H where &, is the surface

1.0
8y, = 10 ° METERS
£ s IDEAL
i0° ==
. 1073 .
E,/UB Fig. 6 Voltage-current char-
o5 -y acteristic for a nonequilib-
- rium  generator shorted
through a boundary layer of
HELIUM + 0.3 % CESIUM thickness §,, and with a gas
B = |4 TESLA temperature of 600°K. o, =
STATIC TEMR = 850° K conductivity frozen at stag-
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Fig. 7 Hall recovery for a nomnequilibrium generator
shorted through a boundary layer of thickness §,, and with
a gas temperature of 600°K.

conductivity of the insulator wall measured in mho;

E, 0+ @+ (4@ +p_ J
UB 1+ B8 1+ 8 =1 T®

E./UB = B[(E,/UB) — 1]/ + @)

Analogously to the preceding, these two equations with the
four measured quantities (¥,/UB, E./UB, J/cUB, 8) can be
used to check whether a single parameter ® exists. If it does,
its existence implies that the postulated shorting mechanism
is one which may be responsible for the observed behavior.
Confidence in this coneclusion may be increased by noting
whether the above equations are also satisfied at other load
conditions. The value of ® is independent of the load con-
dition in the case of a combustion driven generator and varies
(1/¢) with the electric field if the conductivity is obtained by
nonequilibrium ionization. In either case &, should be in-
dependent of local electric field strengths.
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3. Conclusions

The equations governing the behavior of a segmented elec-
trode Faraday MHD generator affected by insulator bound-
ary-layer shorting are derived. It is shown that four charac-
teristic boundary-layer thicknesses exist and these are com-
bined variations of the conduectivity, the flow velocity, and
the Hall parameter. With some simplifications these equa-
tions are investigated in detail. They show that shorting
through the boundary layer may be serious if H/§ is less than
~10-100: operation is difficult near open circuit where the
efficiency is high. Near short circuit the Hall field is effec-
tively shorted preventing the attainment of a high electron
temperature. The consequently low conductivity and long
interaction length result in larger viscous and heat-transfer
losses.

This theoretical model may be used to identify shorting
through the insulator wall boundary layer by evaluation of
the parameter ¢ for experimental conditions of interest.
By appropriate specialization of the equations, relations are
obtained which may be useful in detecting shorting through
the insulator walls with finite conductivity.
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